Abstract. In this paper, we consider the planar Sierpinski measures µ M,D generated by an expanding integer matrix M ∈ M 2 (Z) and the digit set
Introduction
Let M ∈ M n (R) be an n × n expanding real matrix(that is, all the eigenvalues of M have moduli > 1), and D ⊂ R n be a finite subset with cardinality |D|. Let {φ d (x)} d∈D be an iterated function system (IFS) defined by
Then the IFS arises a natural self-affine measure µ := µ M,D satisfying
Such a measure µ M,D is supported on the attractor T (M, D) of the IFS {φ d } d∈D [8] .
For a countable subset Λ ⊂ R n , let E Λ = {e 2πi λ,x : λ ∈ Λ}. We call µ a spectral measure, and Λ a spectrum of µ if E Λ is an orthogonal basis for L 2 (µ). We also say that (µ, Λ) is a spectral pair. The existence of a spectrum for µ is a basic problem in harmonic analysis, it was initiated by Fuglede in his seminal paper [7] . The first example of a singular, nonatomic, spectral measure was given by Jorgensen and Pedersen in [10] . This surprising discovery received a lot of attention, and the spectrality of self-affine measure has become a hot topic, new spectral measure were found in [9] , [1] - [6] , [13] - [14] . A related problem is the no-spectral problem of self-affine measure. In [4] , Dutkay and Jorgensen showed that if M = p 0 0 p with p ∈ Z \ 3Z, p ≥ 2 and In [12] , Li extended the above matrix to the expanding integer matrix M = a b d c with det(M) = ac − bd 3Z, and proved that there exist at most 3 mutually orthogonal exponential functions in L 2 (µ M,D ), and the number 3 is the best. Unfortunately, his proof contains some gaps (see Remark 3.2 in our paper). In fact, the maximum number of the mutually orthogonal exponential functions in L 2 (µ M,D ) is not 3 but 9 for some matrices. In this paper, we will amend those imperfections, and get the following main results. In fact, we can prove a stronger result. To state this conclusion, we need the following definition. Definition 1.2. Let µ be a Borel probability measure with compact support on R n . Let Λ be a finite or a countable subset of R n , and let
It is easy to see that Z(m D ) = Z 0 ∪ Z 0 , where
Following the idea of Li [12] , by using the residue system of modulo 3, the transposed
can be expressed in the following way:
where M ∈ M 2 (Z) and the entries of the matrix M α are 0, 1 or 2. We can prove easily that
Obviously, for each fixed M α , there are infinitely many expanding matrix 
(1.8) It follows from [12] that
(1.9)
By rearranging the indexes α of M α , we may assume that
In the section 2, we will give the concrete expression of matrix M α in T k . Let 11) where M ∈ M 2 (Z) are expanding integer matrixes, and M α is given by (1.6) and (1.10). We will prove that there exist at most 3 mutually orthogonal exponential functions in
and there exist at most 9 mutually orthogonal exponential functions in
, furthermore, the numbers 3 and 9 are the best possible for each fixed M respectively. A more complete description is in the following. 
2), and M is an expanding integer matrix with
where M 1 and M 2 are defined by (1.11).
For the organization of the paper, we give several preparatory conclusions and the concrete expressions of matrix M α in Section 2, and prove Theorem 1.3 in Section 3.
Preliminaries
In this section, we give some preliminary definitions and lemmas. We'll start with an introduction to the Fourier transform. Let M ∈ M n (R) be an n × n expanding real matrix, D ⊂ R n be a finite subset with cardinality |D|. Let µ M,D be defined by (1.1). In the study of spectrality of
where M * denotes the transposed conjugate of M, and
For any λ 1 , λ 2 ∈ R n , λ 1 λ 2 , the orthogonality condition
relates to the zero set Z(μ M,D ) directly. It is easy to see that for a countable subset
where
The following lemma can be used to judge that there are only finite orthogonal exponential functions in L 2 (µ M,D ). 
We now return to the digit set D defined by (1.2). From (2.3) and (1.5), the zero set Z(µ M,D ) can be represented as
where Z 0 and Z 0 are as in (1.5), and
In view of (1.10)( also see (1.6)-(1.9)), we now give the concrete expression of matrix M α in T k . By using Li's results in [12] , and rearranging the indexes of M α if necessary, we have
Type (II): T 2 = {M j : 13 ≤ j ≤ 24} where
Type (III)
Type (IV): T 4 = {M j : 37 ≤ j ≤ 48} where 
where M α as in Type (I) to (IV), then the following hold.
with Z 1 , Z 1 are mutually disjoint and
with Z 1 , Z 2 , Z 1 , Z 2 are mutually disjoint and
are mutually disjoint and
To prove that there exist at most 3 mutually orthogonal exponential functions in L 2 (µ M,D ) for M ∈ M 1 , we first prove the following preparatory proposition.
Proposition 2.4. Let
0 ,
,
Proof. We use ε k (1 ≤ k ≤ 9) to denote the elements of E 3 . Obviously,
, which contradicts with ε k (A − A)(mod Z 2 ).
Let τ = ε k and β j = λ j − τ, γ j = λ j + τ for j = 0, 1, 2, 3. Then for each i ∈ {0, 1, 2, 3}, we have
2 ), which contradicts with
. It follows from the cardinality |(E 3 \ A)| = 5 that there exist at least two elements in {β 0 , γ 0 , · · · , β 3 , γ 3 } that are the same in the means of module Z 2 . It is easy to see
The proof of Theorem 1.3
In this section, we first prove that there exist at most 9 mutually orthogonal exponential functions in L 2 (µ M,D ) as a proposition, and then prove Theorem 1.3 and give a remark for Li's proofs in [12] and [14] . 
Proof. Let Z ′ = E 3 \ {0} with E 3 as in Proposition 2.4, then Z 2 D ⊂ Z ′ by (1.5). As the cardinality |Z ′ | = 8, by Lemma 2.1, we will finish the proof if we show that
Let (
) t ∈ Z ′ , we claim that
Otherwise, there exist integers k 1 , k 2 such that
It follows that 3(ck 1 − dk 2 ) = l 1 (ac − bd) and 3(ak 2 − bk 1 ) = l 2 (ac − bd). Noting that l 1 , l 2 ∈ {0, 1, 2} and not equal to zero at the same time. If l 1 0, then l 1 ∈ {1, 2} and 3(ck 1 − dk 2 ) 0, hence 3|(ac − bd) which contradicts with gcd(ac − bd, 3) = 1. Similarly, if l 2 0, we can also derive a contradiction. So, there exists at least one element of { . The equality n * (µ M,D ) = 3 has been proved by Li [12] (also see [11] ), but that's a long proof. Here we give a short proof by using Proposition 2.4.
Let Λ = {0, s 1 , s 2 } with s 1 ∈ Z 1 and s 2 ∈ Z 1 , and let 
Now we prove that there exist at most 3 mutually orthogonal exponential functions in
Similarly, if M α belongs to Type (II), then there exist four different elements l 2,1 , l 2,2 , l 2,1 , l 2,2 ∈ E 3 \ {0} such that
and if M α belongs to Type (III), then there exist six different elements
Suppose that there exists
. The orthogonality condition implies that
On the other hand, by (3.4)-(3.6), we have
This contradiction shows such E Λ ′ does not exist. Hence there exist at most three mutually orthogonal exponential functions in
by Lemma 2.3 (4). As (1.6), we put
For each
∈ E 3 \ {0}, it follows from (3.1) that there exists . By (3.13), there exists j 0 ∈ {1, · · · , 4} such that
Since gcd(p, 3) = 1, by Euler-Fermat's Theorem, we have p 2 = 3n + 1. This implies that p 8−2 j 0 = (3n + 1) 4− j 0 = 3m + 1 for some integer m, and then p 8−2 j 0 Z j 0 ∪Z j 0 = (3m + 1) Z j 0 ∪Z j 0 ⊂ Z j 0 ∪Z j 0 . Hence
The above shows that (Λ − Λ) \ {0} ⊂ Z(μ M,D ). It follows from (2.2) that the elements in E Λ are mutually orthogonal, hence n * (µ M,D ) ≥ 9.
Combining the above with Proposition 3.1, we have n * (µ M,D ) = 9. [12] and [14] , such as the following distribution:
For the above distribution, we can not get a contradiction by Propositions 2 and 6 in [12] )( i.e., Lemmas 2.2 and 2.3 in this paper).
